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Abstract
We continue investigations of ˇCech closure spaces and their hyperspaces started in [M. Mrševic´, M. Jelic´, Selection principles
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selection principles related to αi -properties.
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1. Introduction
An operator u :P(X) → P(X) defined on the power set P(X) of a set X satisfying the axioms:
(C1) u(∅) = ∅,
(C2) A ⊂ u(A) for every A ⊂ X,
(C3) u(A∪B) = u(A)∪ u(B) for all A,B ⊂ X,
is called a closure operator in the sense of ˇCech and the pair (X,u) is a ˇCech closure space. For short, (X,u) will be
denoted by X as well, and called a closure space or a space.
A closure operator in the sense of ˇCech need not be idempotent.
A subset A is closed in (X,u) if u(A) = A holds. It is open if its complement is closed.
The interior operator intu :P(X) → P(X) is defined by means of the closure operator in the usual way: intu =
c ◦ u ◦ c, where c :P(X) → P(X) is the complement operator. A subset U is a neighbourhood of a point x in X if
x ∈ intu U holds.
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contains all but finitely many (respectively infinitely many) elements of the sequence.
A closure space (X,u) is T1 if for each two distinct points in X the following holds: ({x} ∩ u({y})) ∪ ({y} ∩
u({x})) = ∅ whenever x 
= y. It is equivalent to: every one-point subset of X is closed in (X,u).
A space (X,u) is T2 (Hausdorff) if each two distinct points in X have disjoint neighbourhoods.
All considered spaces are T1.
A collection {Gα} is an interior cover of a set A in (X,u) if the collection {intu Gα} covers A. We suppose that the
interior of every element of an interior cover is non-empty and that each cover is non-trivial, i.e., that the set X does
not belong to the cover.
Compactness property in a closure space was given in [3, Section 41 A]. We recall the equivalent definition given
by means of interior covers [3, Theorem 41 A.9 and p. 837].
A subset A in a space (X,u) is compact (respectively countably compact) if every interior cover (respectively
countable interior cover) of A has a finite subcover (not necessarily interior).
If instead of interior covers the subcollection of open covers is considered, then the corresponding properties
coincide with compactness (respectively countable compactness) of the subset in the topological space (X, uˆ) which
is the topological modification of (X,u). (The topology in (X, uˆ) consists of all open sets in (X,u).) That compactness
in (X,u) is not equivalent to compactness in (X, uˆ) can be seen from Example 4 in [11], the digital line.
Let X = Z be the set of the integers and the basis for the topology T be B = {{2m − 1} | m ∈ Z} ∪ {{2m − 1,
2m,2m + 1} | m ∈ Z}. Let u = clθ be the θ -closure operator in (X,T ). The space (X,u) is not compact since the
space (X,T ) is not H-closed, while the topological modification (X, uˆ) is the indiscrete space, thus compact.
In this paper we assume that the space (X,u) is not compact.
Let A and B be sets whose members are families of subsets of an infinite set X. The selection principles S1(A,B)
and Sfin(A,B) were introduced in [13] in the following way:
S1(A,B) denotes the selection principle: For each sequence (An) of elements of A there is a sequence (bn) such
that bn ∈ An for each n ∈ N and {bn | n ∈ N} is an element of B.
Sfin(A,B) denotes the selection principle: For each sequence (An) of elements of A there is a sequence (Bn) of
finite sets such that Bn ⊂ An for each n ∈ N and ⋃n∈NBn ∈ B.
By varying the collections A and B in the above defined selection principles, characterizations of the space (X,u)
and its hyperspaces are defined.
When (X,u) is a topological space, all definitions considered in this paper coincide with the corresponding topo-
logical ones. Interior covers are replaced with open covers denoted by O, and H coincides with the family of all closed
subsets of X. For an interior cover {Gα} we can consider the collection {intu Gα} which is a family of open sets in the
topological space and an interior cover of the same set.
The properties S1(O,O) and Sfin(O,O) for topological spaces are called the Rothberger and the Menger property
respectively.
The αi properties were introduced in [1] by Arhangel’skii in the following way. Let x ∈ X and {xm ≡ (xm,n)n∈N |
m ∈ N} be a countable family of sequences converging to x, i.e., limn→∞ xm,n = x for each m ∈ N. There is a sequence
y ≡ (yn) converging to x such that:
(α2) xm and y have a joint subsequence for each m ∈ N,
(α3) xm and y have a joint subsequence for infinitely many m ∈ N,
(α4) xm and y have a joint element for infinitely many m ∈ N.
For A and B as above, the corresponding selection principles αi(A,B) were introduced in [8] in the following
way:
For each sequence (An) of infinite elements of A there is an element B ∈ B such that:
α2(A,B): the set An ∩B is infinite for each n ∈ N;
α3(A,B): the set An ∩B is infinite for infinitely many n ∈ N;
α4(A,B): the set An ∩B is non-empty for infinitely many n ∈ N.
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α2(A,B) ⇒ α3(A,B) ⇒ α4(A,B) and S1(A,B) ⇒ α4(A,B).
All notions not explained here concerning selection principles can be found in [6,9], while those concerning ˇCech
closure spaces in [3,10] and [11].
Let C be a collection of subsets of X. An interior cover U is a C-interior cover of X if for every C ∈ C \ {X} there
is a U ∈ U such that C ⊂ intu U holds.
The collection of all interior covers U of (X,u) will be denoted by I and of all interior C-covers by IC.
The following notations are used:
H= {u(A) | A ⊂ X}, J =Hc = {intu(A) | A ⊂ X},
Φx = {A ⊂ X | x ∈ u(A) \A},
Ψx is the set of all non-trivial sequences in (X,u) that converge to x,
F(X) is the family of all non-empty finite subsets of X,
K(X) is the family of all non-empty compact subsets of X,
Q(X) is the family of all non-empty closed subsets of X.
Interior F(X)-, K(X)- and Q(X)-covers will be called ω-, κ- and ζ -interior covers of X, respectively. IΩ stands
for the collection of all ω-interior covers of X, IK for the collection of all κ-interior covers, and IQ for the collection
of all ζ -interior covers.
To the end Δ and Σ are subcollections of H closed with respect to finite unions and containing all singletons.
Interior Δ- and Σ -covers are called δ- and σ -interior covers of X, respectively. IΔ stands for the collection of all
δ-interior covers of X and IΣ for the collection of all σ -interior covers.
The family of open Δ-covers of (X,u) is denoted by OΔ and the covers are called δ-covers. For Δ = F(X),K(X),
we use the standard notations: ω- and κ-covers.
The upper Δ-topology for H, denoted by Δ+, has for a base the collection {(Dc)+ | D ∈ Δ \ {X}} ∪ {∅,H}, where
(Dc)+ = {H ∈H | H ⊂ Dc}.
Following [2], the F(X)+-topology will be denoted by Z+ and by F+ the K(X)+-topology, the upper Fell topology
or the co-compact topology. Also, V+ will stand for the Q(X)+-topology, the upper Vietoris topology.
An interior cover U is a γ -interior cover if it is infinite and each x ∈ X (equivalently, each finite subset of X)
belongs to all but finitely many elements of U .
More generally, an interior cover U is a γδ-interior cover if it is infinite and each D ∈ Δ \ {X} belongs to intu U for
all but finitely many elements of U . Since every (infinite) countable subcollection of a γ -interior cover (respectively
γδ-interior cover) is again a γ -interior cover (respectively γδ-interior cover), we assume that all γ -interior covers
(respectively γδ-interior covers) are countable.
IΓ stands for the collection of all γ -interior covers of X,IΓδ for the collection of all γδ-interior covers.
A space (X,u) (respectively a subset A in (X,u)) is Δ-Lindelöf if every δ-interior cover of X (respectively of A)
has a countable δ-interior subcover.
Thus in a Δ-Lindelöf closure space we consider only countable δ-interior covers.
Lemma 1. Let U be a δ-interior cover of (X,u).
(i) Each D ∈ Δ belongs to the interior of infinitely many elements of U .
(ii) If V is a finite subcollection of U , the collection U \ V is a δ-interior cover of (X,u) as well.
Let A be a subcollection of H. Each A ∈A is of the form A = u(B). We pick one such B = B(A). The collection
U = {B(A)c} will be denoted by AC .
The constructions and notations introduced in the next lemma are used throughout the paper.
Lemma 2. (See [12].)
(i) Let (X,u) be a space, a subset Y ∈ J , and U be a δ-interior cover of Y . Set A= {(intu U)c | U ∈ U} = {u(U c) |
U ∈ U}. Then A⊂H holds and Y c ∈ clΔ+ A.
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δ-interior cover of H c.
Note that for a collection A ⊂ H and U = B(A)c ∈ AC , u(U c) = u(B) = A holds. On the other hand, having an
interior cover U of Y and the collection A= {u(U c) | U ∈ U}, the corresponding element of an A = u(U c) is U itself
since for B(A) = U c the equalities A = u(B(A)) = u(U c) hold.
Lemma 3. Let (X,u) be a space, a subset Y ∈ J , and U = {Un | n ∈ N} be an interior cover of Y . Then:
U is a γδ-interior cover of Y if and only if the sequence (u(U cn)) converges to Y c in (H,Δ+).
Proof. Let U be a γδ-interior cover of Y and (Dc)+ be a basis Δ+-neighbourhood of Y c. It follows that there is
n0 ∈ N such that D ⊂ intu Un for all n n0. Equivalently, (u(U cn)) ⊂ Dc for n n0.
The converse is proved in the same way. 
2. γ -sets and the space (H,Δ+)
We consider the Fréchet–Urysohn and related properties of the hyperspace of ˇCech closure spaces, and show that
duality between these properties and the covering properties of the basic space and its subspaces also holds in this
setting.
A topological space X is a γ -set (or γ -space) [5] if each ω-interior cover U of X contains a countable collection
{Un | n ∈ N} which is a γ -interior cover of X. X is said to be Fréchet–Urysohn if for each A ⊂ X and each x ∈ A
there is a sequence (xn) in A converging to x. X is strongly Fréchet–Urysohn if for each sequence (An) of subsets of
X and each point x ∈⋂n∈NAn there is a sequence (xn) converging to x, xn ∈ An for each n ∈ N.
Definition. A subset A in (X,u) is a γδ-set if each δ-interior cover U of A contains a countable collection {Un | n ∈ N}
which is a γδ-interior cover of A.
The next two statements follow from the definitions by applying Lemmas 2 and 3.
Theorem 1. For a space (X,u) the following are equivalent:
(1) (H,Δ+) is a Fréchet–Urysohn space.
(2) Each Y ∈ J is a γδ-set.
Theorem 2. For a space (X,u) the following are equivalent:
(1) (H,Δ+) is a strongly Fréchet–Urysohn space.
(2) Each Y ∈ J satisfies S1(IΔ,IΓδ).
Setting Δ = F(X), respectively K(X), Q(X) in Theorems 1 and 2, we get generalizations of some corresponding
results in [7] for topological spaces.
Corollary 1. For a space (X,u) the following are equivalent:
(1) (H,Z+) is a Fréchet–Urysohn space.
(2) Each Y ∈ J is a γ -set.
Corollary 2. For a T2 space (X,u) the following are equivalent:
(1) (H,F+) is a Fréchet–Urysohn space.
(2) Each Y ∈ J is a γκ -set.
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(1) (H,V+) is a Fréchet–Urysohn space.
(2) Each Y ∈ J is a γζ -set.
Corollary 4. For a space (X,u) the following are equivalent:
(1) (H,Z+) is a strongly Fréchet–Urysohn space.
(2) Each Y ∈ J satisfies S1(IΩ,IΓ ).
Corollary 5. For a T2 space (X,u) the following are equivalent:
(1) (H,F+) is a strongly Fréchet–Urysohn space.
(2) Each Y ∈ J satisfies S1(IK,IΓκ).
Corollary 6. For a space (X,u) the following are equivalent:
(1) (H,V+) is a strongly Fréchet–Urysohn space.
(2) Each Y ∈ J satisfies S1(IQ,IΓζ ).
Theorem 3. For a space (X,u) and the collection Δ ⊂ K(X) the following are equivalent:
(1) X is a γδ-set.
(2) X satisfies S1(IΔ,IΓδ).
Proof. Only the implication (1) ⇒ (2) needs the proof. Let (Un) be a sequence of δ-interior covers of X. Without loss
generality we may assume that each Un+1 is a refinement of Un, n ∈ N. (If U and V are δ-interior covers of (X,u),
so is the collection {U ∩ V | U ∈ U , V ∈ V}.) By (2), (X,u) is Δ-Lindelöf, hence every interior cover of X has a
countable interior subcover. Since X is not (countably) compact, there is a sequence (xn) of distinct points in X with
no accumulation point. For each n ∈ N set
Vn =
{
U \ {xn}
∣∣U ∈ Un
}
and V =
⋃
n∈N
Vn.
It can be easily seen that V is a δ-interior cover of X. By (1), there is a sequence (Vn) in V such that {Vn | n ∈ N}
is a γδ-interior cover of X. Each Vn = Umn \ {xmn} for some mn ∈ N and Umn ∈ Umn . Denote for each m ∈ N,
Dm = {x1, . . . , xm}. Note that Dm ∈ Δ. There is a k1 ∈ N such that D1 ⊂ Vk1 . Note that k1 > 1. For each s > 1 pick
Vms ∈ {Vn | n ∈ N} such that Ds ⊂ Vks and ks > ks−1. (Such a choice is possible since {Vn | n ∈ N} is a γδ-interior
cover of X.) Since Un+1 is a refinement of Un, for each i ∈ N with nks < i  nks+1 , pick Ui ∈ Ui so that Ui ⊂ Uj for
i > j . Put nk0 = 0. Define for each n ∈ N:
Wn = Unks if n = nks , and Wn = Un if nks < n < nks+1 .
Each Wn ∈ Un and {Wn | n ∈ N} is a γδ-interior cover of X. For each D ∈ Δ there is a p ∈ N such that D ⊂ Vm for all
m>p. Hence D ⊂ Wn for all n > np . 
A subset D ⊂ X in a topological space X is sequentially dense in X [7] if for each x ∈ X there is a sequence in D
converging to x.
Lemma 4. For a space (X,u) the following holds:
(i) If U is a δ-interior cover of X, then A= {u(U c) | U ∈ U} is a dense subset of (H,Δ+).
(ii) Conversely, for a dense subset D of (H,Δ+), the family DC is a δ-interior cover of X.
(iii) If U is a γδ-interior cover of X, then A= {u(U c) | U ∈ U} is sequentially dense in (H,Δ+).
1952 M. Mrševic´, M. Jelic´ / Topology and its Applications 155 (2008) 1947–1958Proof. (i) For each non-empty basis set (Dc)+ there is a U in U such that D ⊂ intu U , hence A = u(U c) ∈ (Dc)+.
(ii) Denote by U the collection DC = {Bc | u(B) = G ∈ D}, where D is a dense subset in (H,Δ+). For each
D ∈ Δ \ {X}, the collection (Dc)+ is a non-empty open set in H, so there is a G ∈ D such that G ⊂ Dc, i.e., D ⊂
Gc = intu U for some U ∈ U .
(iii) Let {Un | n ∈ N} be a γδ-interior cover of X. Then {u(U cn) | n ∈ N} is sequentially dense in (H,Δ+) since for
each H ∈H and every D ∈ Δ \ {X} such that H ⊂ Dc, there is an n0 ∈ N such that D ⊂ intu Un for all n n0 holds.
It follows that (u(U cn)) converges to H . 
Theorem 4. If a space (X,u) is a γδ-set, then each dense subset in (H,Δ+) is sequentially dense.
Proof. Immediate consequence of the statements (ii) and (iii) in Lemma 4. 
Setting in Theorem 4: Δ = F(X) (respectively K(X),Q(X)) we get the following statements.
Corollary 7. If a space (X,u) is a γ -set, then each dense subset in (H,Z+) is sequentially dense.
Corollary 8. If a T2 space (X,u) is a γκ -set, then each dense subset in (H,F+) is sequentially dense.
Corollary 9. If a space (X,u) is a γζ -set, then each dense subset in (H,V+) is sequentially dense.
Theorem 5. If (X,u) satisfies S1(IΔ,IΓδ), then for each sequence (Dn) of dense subsets of (H,Δ+) there is a
sequence (Dn) such that Dn ∈Dn for each n ∈ N and the set {Dn | n ∈ N} is sequentially dense.
Proof. Let (Dn) be a sequence of dense subsets of (H,Δ+). By Lemma 4(ii), (Un),Un = DCn , is a sequence of
δ-interior covers of X. By assumption, there is a sequence (Un),Un ∈ Un for each n ∈ N, such that the collection
{Un | n ∈ N} is a γδ-interior cover of X. Applying Lemma 4(iii), the statement follows. 
In the sequel we assume that for every non-empty Y ∈ J and every interior cover U of Y,Y 
= intu U for each
U ∈ U holds. Then Lemmas 2 and 3 can be restated in the following way:
Proposition 1. For a space (X,u), a collection A⊂H, a sequence S ⊂H and a set H ∈H the following holds:
(i) A ∈ ΦH in (H,Δ+) if and only if U =AC is a δ-interior cover of H c.
(ii) S ∈ ΨH in (H,Δ+) if and only if U = SC is a γδ-interior cover of H c.
Theorem 6. For a space (X,u) the following are equivalent:
(1) For each H ∈H the space (H,Δ+) satisfies S1(ΨH ,ΦH ).
(2) Each Y ∈ J satisfies S1(IΓδ,IΔ).
More generally, denoting by ΨΔ+H (respectively ΦΣ
+
H ) the collection ΨH in the space (H,Δ+) (respectively ΦH
in the space (H,Σ+)), we have
Theorem 7. For a space (X,u) the following are equivalent:
(1) For each H ∈H the space H satisfies S1(Ψ Δ+H ,ΦΣ
+
H ).
(2) Each Y ∈ J satisfies S1(IΓδ,IΣ).
Proof. (1) ⇒ (2) Let Y ∈ J and (Un) be a sequence of γδ-interior covers of Y . By Lemma 2, for each n ∈ N the
collection An = {u(U c) | U ∈ Un} ⊂H and the sequence (An) converges to Y c in (H,Δ+) by Lemma 3. Applying (1),
for each n ∈ N there is An ∈ An such that {An | n ∈ N} ∈ ΦΣ+Y c . For each n ∈ N take the corresponding Un ∈ Un. It
follows that {Un | n ∈ N} is a σ -interior cover of Y by Lemma 2.
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of H c. By (2), there is a sequence (Un), Un ∈ Un, such that {Un | n ∈ N} is a σ -interior cover of H c. Applying
Proposition 1 again, the sequence (An), An ∈An defined by the corresponding Un, belongs to ΦΣ+H . 
In a similar way Theorems 8 and 9 are proved. (See also [4].)
Theorem 8. For a space (X,u) the following are equivalent:
(1) For each H ∈H the space H satisfies S1(Ψ Δ+H ,ΨΣ
+
H ).
(2) Each Y ∈ J satisfies S1(IΓδ,IΓσ ).
Theorem 9. For a space (X,u) the following are equivalent:
(1) For each H ∈H the space H satisfies S1(ΦΔ+H ,ΨΣ
+
H ).
(2) Each Y ∈ J satisfies S1(IΔ,IΓσ ).
Remark 1. Duality Theorems 6 to 9 and Theorem 1 in [12] hold also if the selection principle S1 is replaced by the
selection principle αi for i = 2, 3 and 4.
By specifying the collections Δ and Σ as in the previous cases, we get generalizations of some already known
results for topological spaces.
3. S1 and Sfin selection principles
Theorem 10. A space (X,u) satisfies S1(IΔ,IΓδ) if and only if it satisfies Sfin(IΔ,IΓδ).
Proof. The proof that Sfin(IΔ,IΓδ) implies S1(IΔ,IΓδ) is analogous to “(1) ⇒ (2)” in the proof of Theorem 5
in [7]. 
Again, for Δ = F(X) (respectively K(X), Q(X)) we have
Corollary 10. A space (X,u) satisfies S1(IΩ,IΓ ) if and only if it satisfies Sfin(IΩ,IΓ ).
Corollary 11. A T2 space (X,u) satisfies S1(IK,IΓκ) if and only if it satisfies Sfin(IK,IΓκ).
Corollary 12. A space (X,u) satisfies S1(IQ,IΓζ ) if and only if it satisfies Sfin(IQ,IΓζ ).
Theorem 11. A space (X,u) satisfies S1(IΩ,IΓ ) if and only if each finite power Xm = (Xm,v) of (X,u) satisfies
S1(IΩ,IΓ ).
Proof. By the usual construction, following the proof of Theorem 6 in [12], we show that if X has the property
S1(IΩ,IΓ ), then all finite powers of X satisfy S1(IΩ,IΓ ). Fix m. Let (Un) be a sequence of ω-interior covers
of Xm. For each n ∈ N set Vn = {V ⊂ X | Vm ⊂ U for some U ∈ Un}. The collection Vn is an ω-interior cover
of X for each n. Indeed, for every finite set F = {x1, . . . , xk} ⊂ X there is a U ∈ Un such that Fm ⊂ intv U . We
choose a V ⊂ X so that Fm ⊂ intv V m = (intu V )m ⊂ Vm ⊂ U . The set V satisfies the required condition, that is
F ⊂ intv V ∈ Vn. Applying the assumption to the sequence Vn there exist Vn ∈ Vn, n ∈ N, such that the collection
{Vn | n ∈ N} is a γ -interior cover of X. For each n we pick Un ∈ Un so that Vmn ⊂ Un. Since the collection {Vmn | n ∈ N}
is a γ -interior cover of Xm, so is {Un | n ∈ N}. 
Theorems 10 and 11 imply
Theorem 12. A space (X,u) satisfies Sfin(IΩ,IΓ ) if and only if each finite power Xm = (Xm,v) of (X,u) satisfies
Sfin(IΩ,IΓ ).
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berger property.
Proof. Let (Wn) be a sequence of Δ+-open covers of Δ. We may assume that each cover consists of basis open
sets, that is Wn = {(Dcn,λ)+ | λ ∈ Λ(n)}. Then for each n and the collection Δn = {Dn,λ | λ ∈ Λ(n)}, the correspond-
ing collection Un = ΔCn is a δ-interior cover of (X,u). Indeed, for every D ∈ Δ there is a Dn,λ = u(B) for some
B ⊂ X, such that D ∈ (Dcn,λ)+, that is, D ⊂ Dcn,λ = (u(B))c ⊂ Bc = Un,λ by definition. By the assumption, there
is a sequence (Un), Un ∈ Un, such that the collection {Un | n ∈ N} is a δ-interior cover of X. For the corresponding
Dn = u(U cn) ∈ Δn, the family {(Dcn)+ | n ∈ N} is a Δ+-open cover of Δ. 
Setting Δ = F(X) (respectively K(X),Q(X)) we get generalizations of some corresponding results for topological
spaces.
Corollary 13. If a space (X,u) satisfies the selection principle S1(IΩ,IΩ), then the space (F(X),Z+) has the
Rothberger property.
Corollary 14. If a T2 space (X,u) satisfies the selection principle S1(IK,IK), then the space (K(X),F+) has the
Rothberger property.
Corollary 15. If a space (X,u) satisfies the selection principle S1(IQ,IQ), then the space (Q(X),V+) has the
Rothberger property.
In an analogous way we prove
Theorem 14. If (X,u) satisfies the selection principle Sfin(IΔ,IΔ), then the space (Δ,Δ+) has the Menger property.
Corollary 16. If (X,u) satisfies the selection principle Sfin(IΩ,IΩ), then the space (F(X),Z+) has the Menger
property.
Corollary 17. If a T2 space (X,u) satisfies the selection principle Sfin(IK,IK), then the space (K(X),F+) has the
Menger property.
Corollary 18. If (X,u) satisfies the selection principle Sfin(IQ,IQ), then the space (Q(X),V+) has the Menger
property.
Open question. Do the converses hold in Theorems 13 and 14, and/or Corollaries 13 to 18?
4. Selection principles and αi -properties in the space (X,u)
The selection principles αi(A,B) for i = 2, 3 and 4 are considered when B is a collection of γ -interior covers, and
it is shown that these properties are equivalent to S1(A,B) for some classes A.
Theorem 15. For a Δ-Lindelöf space (X,u) the following are equivalent:
(1) (X,u) satisfies α2(IΔ,IΓδ).
(2) (X,u) satisfies α3(IΔ,IΓδ).
(3) (X,u) satisfies α4(IΔ,IΓδ).
(4) (X,u) satisfies S1(IΔ,IΓδ).
Proof. (3) ⇒ (4) Let (Un) be a sequence of δ-interior covers of X. For each n ∈ N let Un = {Un,m | m ∈ N} and
Vn = {U1,m1 ∩ · · · ∩Un,mn | Ui,mi ∈ Ui , for i  n and m1 <m2 < · · · <mn} \ {∅}. Then Vn is a δ-interior cover of X
by Lemma 1(i). (Using Lemma 1(ii) if necessary, the collections Vn are pairwise disjoint.) Applying (3), there is a
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= ∅ for infinitely many n ∈ N. Consequently, there is an increasing sequence
n1 < n2 < · · · < ni < · · · such that Vni ∩W 
= ∅. Let Vni ∈ Vni ∩W , Vni = U1,m1 ∩ · · · ∩Uni,mni , Uj,mj ∈ Uj , j  ni .
The set V = {Vni | n ∈ N} is infinite, so it is a γδ-interior cover of X. Put n0 = 0. For ni < n ni+1 let Gn be the
nth coordinate in the representation of Vni+1 , Gn = Un,mn . It follows that Gn ∈ Un for each n ∈ N and G = {Gn | n ∈
N} ∈ IΓδ . Hence the statement.
(4) ⇒ (1) Let (Un) be a sequence of δ-interior covers of (X,u). For each n ∈ N let Un = {Un,m | m ∈ N}. For each
n, k ∈ N set V(n, k) = {Un,m | m k}. By Lemma 1(ii), V(n, k) is a δ-interior cover for each n and each k. Using a
bijective representation of N×N and applying (4) to the sequence V(n, k), there is a W ∈ IΓδ , W = {Vn,k = Un,m(k) |
(n, k) ∈ N × N}. Thus for each n ∈ N the set Un ∩W is infinite by construction. Hence the statement. 
More generally
Theorem 16. For a Δ-Lindelöf space (X,u) the following are equivalent:
(1) (X,u) satisfies α2(IΔ,IΓσ ).
(2) (X,u) satisfies α3(IΔ,IΓσ ).
(3) (X,u) satisfies α4(IΔ,IΓσ ).
(4) (X,u) satisfies S1(IΔ,IΓσ ).
By specifying the collections Δ and Σ , for example, for Δ = F(X), respectively K(X), the following corollaries
are obtained.
Corollary 19. For an ω-Lindelöf space (X,u) the following holds:
α2(IΩ,IΓ ) ⇔ α3(IΩ,IΓ ) ⇔ α4(IΩ,IΓ ) ⇔ S1(IΩ,IΓ ) ⇔ X is a γ -set.
Corollary 20. For a κ-Lindelöf T2 space (X,u) the following holds:
α2(IK,IΓκ) ⇔ α3(IK,IΓκ) ⇔ α4(IK,IΓκ) ⇔ S1(IK,IΓκ) ⇔ X is a γκ -set.
Corollary 21. For a κ-Lindelöf T2 space (X,u) the following holds:
α2(IK,IΓ ) ⇔ α3(IK,IΓ ) ⇔ α4(IK,IΓ ) ⇔ S1(IK,IΓ ).
The next statement is proved analogously to Theorem 5 in [8].
Theorem 17. For a space (X,u) the following are equivalent:
(1) (X,u) satisfies α2(IΓδ,IΓσ ).
(2) (X,u) satisfies α3(IΓδ,IΓσ ).
(3) (X,u) satisfies α4(IΓδ,IΓσ ).
(4) (X,u) satisfies S1(IΓδ,IΓσ ).
In particular, for Σ = Δ we have
Theorem 18. For a space (X,u) the following are equivalent:
(1) (X,u) satisfies α2(IΓδ,IΓδ).
(2) (X,u) satisfies α3(IΓδ,IΓδ).
(3) (X,u) satisfies α4(IΓδ,IΓδ).
(4) (X,u) satisfies S1(IΓδ,IΓδ).
Setting Δ,Σ ∈ {F(X),K(X)}, we get
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α2(IΓ,IΓ ) ⇔ α3(IΓ,IΓ ) ⇔ α4(IΓ,IΓ ) ⇔ S1(IΓ,IΓ ).
Corollary 23. For a T2 space (X,u) the following holds:
α2(IΓκ,IΓ ) ⇔ α3(IΓκ,IΓ ) ⇔ α4(IΓκ,IΓ ) ⇔ S1(IΓκ,IΓ ).
Remark 2. (See also [8] and [14].) When the second coordinate in the pair (A,B) is the collection of δ-interior covers
(i.e. σ -interior covers) of (X,u), by a similar arguments as in “(4) ⇒ (1)” in Theorem 15, we prove that the following
implications hold:
S1(IΔ,IΣ) ⇒ α2(IΔ,IΣ) ⇒ α3(IΔ,IΣ) ⇒ α4(IΔ,IΣ)
and
S1(IΓδ,IΣ) ⇒ α2(IΓδ,IΣ) ⇒ α3(IΓδ,IΣ) ⇒ α4(IΓδ,IΣ).
5. αi -properties and hyperspaces
The equivalence of the αi properties of the hyperspace, for i = 2, 3 and 4, with the S1 covering property of
the subspaces of the basic space is shown. Using duality theorems from Section 2, the equivalence of the αi(A,B)
properties of the hyperspace with the S1(A,B) for some classes A and B is obtained.
Theorem 19. For a space (X,u) the following are equivalent:
(1) (H,Δ+) is an α2-space.
(2) (H,Δ+) is an α3-space.
(3) (H,Δ+) is an α4-space.
(4) Each Y ∈ J satisfies S1(IΓδ,IΓδ).
Proof. (3) ⇒ (4) Let Y ∈ J and (Um), Um = {Um,n | n ∈ N}, be a sequence of γδ-interior covers of Y . For each
m ∈ N set Sm = {u(U cm,n) | n ∈ N}. By Lemma 3, each Sm converges to Y c in (H,Δ+) when n → ∞. Denote
Tm,n = S1,n ∪ S2,n ∪ · · · ∪ Sm,n. Then each Tm,n ∈ H and for each m ∈ N, Tm,n → H = Y c when n → ∞. By (3),
there is a sequence G = (Gn) in H converging to H such that Tm = (Tm,n) and G have a joint element for infinitely
many m ∈ N. Thus there is an increasing sequence m1 < m2 < · · · in N such that for each i ∈ N, Tmi and G have
a joint element Tmi,ni = Gni . (Subsequences of the γδ-interior covers can be taken in such a way that the sequence
T = (Tmi,ni ) = (Gni ) converges to H when i → ∞.)
Define (Tn) in the following way: (i) For i m1 and Tm1,n1 = S1,n1 ∪ S2,n1 ∪ · · · ∪ Sm1,n1 , put Ti = Si,n1 . (ii) For
j  1 and mj < i  mj+1 put Ti = Si,nj+1 . For each i ∈ N, Ti ∈ Si and the sequence (Tn) converges to H by the
construction, since T = (Tmi,ni ) converges to H .
For each n ∈ N the corresponding Un ∈ Un and {Un | n ∈ N} is a γδ-interior cover of Y by Lemma 3.
(4) ⇒ (1) Let H ∈ H and (Sm) be a countable family of sequences converging to H , Sm = (Sm,n), m,n ∈ N. For
each m,n ∈ N denote Tm,n = S1,n ∪S2,n ∪ · · · ∪Sm,n. Then each Tm,n ∈H and for each m ∈ N, Tm,n → H when n →
∞. For each m ∈ N, Um = {Tm,n | n ∈ N}C is a γδ-interior cover of H c by Proposition 1(ii). By (4), there is a sequence
(Um), Um ∈ Um, such that {Um | m ∈ N} is a γδ-interior cover of H c. Each Um is of the form B(Tm,n(m))c. Since {Um}
is a γδ-interior cover of H c, we may take subsequences to get n(m) < n(m + 1) for each m, i.e. n(1) < n(2) < · · · .
The sequence (Tm,n(m)) ∈ ΨH by Lemma 3. Hence the sequence S defined by S1,n(1), S1,n(2), S2,n(2), S1,n(3), . . . has a
subsequence with each Sm, and so the space (H,Δ+) is an α2-space. 
Let (X,u) be a space in which each Y ∈ J is Δ-Lindelöf. Then by Proposition 1 and Lemma 2, for every H ∈H
the following holds: H is in the Δ+-closure of the collection A \ {H } if and only if there is a countable subcollection
A0 of A such that H ∈ clΔ+(A0 \ {H }). Thus we can assume that A is a countable collection.
Theorems 15, 16 and 17, duality Theorems 9 and 8, and Remark 1 imply
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α2(ΦH ,ΨH ) ⇔ α3(ΦH ,ΨH ) ⇔ α4(ΦH ,ΨH ) ⇔ S1(ΦH ,ΨH )
and
α2
(
ΦΔ
+
H ,Ψ
Σ+
H
) ⇔ α3
(
ΦΔ
+
H ,Ψ
Σ+
H
) ⇔ α4
(
ΦΔ
+
H ,Ψ
Σ+
H
) ⇔ S1
(
ΦΔ
+
H ,Ψ
Σ+
H
)
.
Theorem 21. For every H ∈H the following holds:
α2
(
ΨΔ
+
H ,Ψ
Σ+
H
) ⇔ α3
(
ΨΔ
+
H ,Ψ
Σ+
H
) ⇔ α4
(
ΨΔ
+
H ,Ψ
Σ+
H
) ⇔ S1
(
ΨΔ
+
H ,Ψ
Σ+
H
)
.
Lemma 5. For a space (X,u) and the collection Δ ⊂ K(X) the following holds: An open cover W of (Δ,V+) is an
ω-cover if and only if U(W) is a δ-cover of (X,u), where U(W) = {U ⊂ X | U is open in X and U+ ⊂ W for some
W ∈W}.
Proof. ⇒ For each D ∈ Δ \ {X} there is a W ∈W and an open set U such that D ∈ U+ ⊂ W . It means that D ⊂ U
and U ∈ U(W).
⇐ For D1, . . . ,Dn ∈ Δ the set D1 ∪· · ·∪Dn ∈ Δ, so there is a U ∈ U(W) such that ⋃ni=1 Di ⊂ intu U = U . There
is a W ∈W such that U+ ⊂ W , hence {D1, . . . ,Dn} ⊂ U+ ⊂ W . 
Setting Δ = F(X) (respectively K(X)) we get generalizations of some corresponding results in [8] for topological
spaces.
Corollary 24. An open cover W of (F(X),V+) is an ω-cover if and only if U(W) is an ω-cover of (X,u).
Corollary 25. In a T2 space (X,u) an open cover W of (K(X),V+) is an ω-cover if and only if U(W) is a κ-cover
of (X,u).
Proposition 2. If a space (X,u) is Δ-Lindelöf, then the space (Δ,V+) is ω-Lindelöf.
Proof. Let W be an ω-cover of (Δ,V+). By Lemma 5, U(W) is a δ-cover of (X,u). There is a countable subcollec-
tion {Ui | i ∈ N} of U(W) which is a δ-cover of X. For each i pick Wi ∈W such that U+i ⊂ Wi . By Lemma 5 again,{Wi | i ∈ N} is an ω-cover of (Δ,V+). 
Corollary 26. If a space (X,u) is ω-Lindelöf, then the space (F(X),V+) is ω-Lindelöf.
Corollary 27. If a T2 space (X,u) is κ-Lindelöf, then (K(X),V+) is ω-Lindelöf.
Theorem 22. For a Δ-Lindelöf space (X,u) the following relations hold:
(1) ⇔ (2) ⇔ (3) ⇔ (4) ⇐ (5)
where
(1) (Δ,V+) satisfies α2(Ω,Γ ),
(2) (Δ,V+) satisfies α3(Ω,Γ ),
(3) (Δ,V+) satisfies α4(Ω,Γ ),
(4) (Δ,V+) satisfies S1(Ω,Γ ),
(5) (X,u) satisfies S1(OΔ,Γδ).
Proof. The space (Δ,V+) is ω-Lindelöf by Proposition 2. By Corollary 19 the equalities (1) ⇔ (2) ⇔ (3) ⇔ (4)
hold.
(5) ⇒ (4) Let (Wn) be a sequence of ω-covers of (Δ,V+). For each n set Un = {U ⊂ X | U is open in X and
U+ ⊂ W for some W ∈ Wn}. By Lemma 5, Un is a δ-cover of (X,u). Applying (5), there is a sequence (Un) such
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The collection {Wn | n ∈ N}, is a γ -cover of (Δ,V+) since for each D ∈ Δ there is n0 ∈ N such that D ⊂ Un for each
n n0. Then D ∈ U+n implies D ∈ Wn for each n n0. It follows that (4) holds. 
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